In this note under a crucial technical assumption we derive a differential equality of Yamabe constant Y (g (t)) where g (t) is a solution of the Ricci flow on a closed n-manifold. As an application we show that when g (0) is a Yamabe metric at time t = 0 and 
Here R gα is the scalar curvature of g α .
Recall that the Yamabe constant of a smooth metric g on closed manifold M n is defined by
M 4(n−1)
where ∇ and dV is the connection and the volume form of metric g. The Euler-Lagrange equation for a minimizer u is
M u 2n n−2 dV = 1.
Note that the existence of minimizer u follows from the solution of Yamabe problem (see [LP] for the history). Given a such solution u the metric u 4 n−2 g is called Yamabe metric and has constant scalar curvature Y (g). The sigma invariant of M, which is introduced by Schoen in [S1] , is defined by
where sup is taken over all smooth metric on M.
Recall that the subcritical regularization of (2) and (3) is defined by
where p ∈ (1, n+2 n−2 ) and Y p (g) is a constant. This is the Euler-Lagrange equation for the minimizer of the functional
The existence of solution u of (4) and (5) follows from the direct method in the calculus of variation (see [LP] , for example).
whereỸ p is function of t only. Then
where u = u (t) and R 0 ij , ∇, ∆, R and dV are the traceless Ricci tensor, the Riemann connection, the Laplaician, the scalar curvature and the volume form of g (t) respectively.
We compute
where we have used (6), we have
Multiplying this by 2u, we get
Substituting this into the formula for
Integrating by parts, we obtain
where we used
which is obtained by taking derivative d dt of ( 7). Next we eliminateỸ p (t) from the right side of (9). Multiplying (6) by Ru and integrating by parts we get
The proposition follows from plugging R ij = R (t) Ỹ (t). We have
The assumption in the proposition says that u (t) 4 n−2 g (t) is a C 1 -family of smooth metrics which has unit volume and constant scalar curvatureỸ (t). WhenỸ (0) is positive, in general it is not clear whether there exists a C 1 -family of smooth functions u (t) satisfying the assumption even for a short time t ∈ [0, ǫ).
(ii) Letḡ(s) be a smooth family of metrics on M , Anderson proves that if there is only one Yamabe metric in the conformal class [ḡ(0)], then there exists a family of functionsū(s) with small |s| such that u (s) 4 n−2ḡ (s) is a smooth family of smooth metrics which has unit volume and constant scalar curvature Y (s) (Proposition 2.2 in [A] ).
Corollary 3 Let g 0 be a metric of constant scalar curvature on closed manifold M n and let g (t) be the solution of Ricci flow with g (0) = g 0 . Assume that
is not a positive eigenvalue of the Laplacian ∆ g0 , then (i) there is a C 1 -family of smooth functions u (t) > 0, t ∈ [0, ǫ) for some ǫ > 0 with constant u (0) such that u (t) 4 n−2 g (t) has unit volume and constant scalar curvatureỸ (t).
(t) ≥ 0 and the equality holds if and only if g 0 is an Einstein metric.
Proof. By Koiso's decomposition theorem (Theorem 4.44 in [B] or Corollary 2.9 in [K] ), there exists a C 1 -family of smooth functions u (t) > 0, t ∈ [0, ǫ) for some ǫ > 0 with constant u (0), which satisfies the assumption of Proposition 1 for p = n+2 n−2 . It is clear thatỸ (t) =Ỹ n+2 n−2 (t) is the scalar curvature of u (t) 4 n−2 g (t). Now since ∇u (0) = 0 and ∆R g(0) = 0, we have
The corollary is proved. Note thatỸ (t) in Corollary 3 may not equal to the Yamabe constant Y (g (t)) even if g 0 satisfiesỸ (0) = Y (g (0)) . If we assume that u (t) 4 n−2 g (t) has unit volume and constant scalar curvature Y (g(t)), we have the following result which says that infinitesimally the Ricci flow will try to increase the Yamabe constant.
Corollary 4 (i) Let g 0 be a metric of constant scalar curvature on closed manifold M n and let g (t) be the solution of Ricci flow with g (0) = g 0 . Assume that there is a C 1 -family of smooth functions u (t) > 0, t ∈ [0, ǫ) for some ǫ > 0 with
Y (g (t)) ≥ 0 and the equality holds if and only if g 0 is an Einstein metric.
(ii) If g 0 further satisfies Y (g 0 ) = σ (M ) , then g 0 must be Einstein metric. Y (g (t)) (see Proposition 2.4 in [A] ).
Next we consider manifold M n whose sigma invariant is realized by some metric, the assumption is a little different from that of Corollary 4.
Corollary 6 Suppose that the sigma invariant of closed manifold M n is realized by g 0 , Y (g 0 ) = σ (M ). Let {g α } be set the metrics in the conformal class [g 0 ] with Y (g α ) = σ (M ). Assume that for each α, Rg α n−1 is not a positive eigenvalue of the Laplacian ∆g α , then g 0 is an Einstein metric andg α = g 0 for all α. Proof. It follows from Koiso's decomposition theorem that there exists a C 1 -family of smooth functions u α (t) > 0, t ∈ [0, ǫ α ) for some ǫ α > 0 with constant u α (0) which satisfies Proposition 1 for p = n+2 n−2 . It also follows from the Koiso's theorem that {g α } can not have any accumulation point in the space of constant scalar curvature metrics and that for at least one g α we have u α (t) 4 n−2 g α (t) have constant scalar curvature which equals to Y (g α (t)) . By Corollary 4(ii) g α must be Einstein metric. Since conformal class [g 0 ] contains an Einstein metric and (M, g α ) is not round sphere, by Proposition 1.4 in [S2] the metric with constant scalar curvature in [g 0 ] is unique, we getg α = g 0 for all α.
Remark 7 This work began when P.L. visited NCTS, Hsinchu, Taiwan in August, 2004 . We considered the modified Ricci flow ∂ḡ ∂t = −2R ij (ḡ) − 2∇ i ∇ jū whereū(t) is the minimizer of (1) for metricḡ (t) . When assumeū(t) is a smooth family we find
